In this paper, the problem of vibration suppression of a smart composite plate with bonded piezoelectric patches is considered. A higher order plate model is used for finite element modeling of the plate and the PID controller is used to generate control voltage command to the piezo actuators from the piezo sensors data. Derived formulation and the control algorithm is implemented in a finite element (FE) code and the FE modeling results are verified using available results of previous studies. The effect of control gain on the vibration suppression characteristics is studied. Furthermore, since FE modeling reduces the order of the real problem, the problem of un-modeled residual modes on the so-called spillover effect is investigated.
INTRODUCTION
In many practical applications, such as space satellites, it is important to control the shape or suppress the vibrations of a lightweight flexible structure. Thus the problems of dynamic analysis and vibration attenuation in flexible components of a spacecraft have been the subject of a number of researches . Owing to direct and inverse piezoelectric effects, piezoelectric materials can produce electrical charges when they are subjected to mechanical loads, and thus can be used as sensors, or inversely produce strains when they are electrically excited, and thus used as actuators. They have been considered as one of the promising candidates to be used for active vibration control of light-weight structures. Considering the properties of piezoelectric materials, active vibration control of structural beams, plates and shells using embedded or surface bonded piezoelectric sensors and actuators has been investigated in many researches (Schulz et al. 2013; Vashist & Chhabra 2013; Wang et al. 2001; Wu et al. 2014) . Considering the control of piezoelectric smart structures, both conventional and modern control methods have been employed by various researchers. A survey on various control algorithms employed for vibration control of smart structures is presented in (Fei et al. 2010) . Classical constant gain velocity feedback control (Farhadi & Hosseini-Hashemi 2011; He et al. 2004 ) and positive position feedback (PPF) (Baillargeon & Vel 2004 ) is widely employed for actively vibration control of piezoelectric smart beams and plates.
Investigating open literature reveals that in many studies, finite element (FE) modeling has been used to model the dynamic behavior of the structure (Xu & Koko 2004; Chandrashekhara & Agarwal 1993) . In FE modeling of a plate using plate elements, the three-dimensional displacement field is reduced to a two-dimensional problem by adopting an appropriate formulation for variation of displacements across the thickness. Equivalent single layer and layer-wise theories are considered in approximating the displacement field of the structure to derive a reduced 2-D model instead of the complex 3-D model (Reddy 1993; Tornabene et al. 2013; Correia & Gomes 2000) . A comprehensive research on various theories for displacement field modeling of composite structures with piezoelements is given by (Benjeddou 2000) .
A smart structure is a distributed parameter system with infinite degrees of freedom. Usually a reduced order model (ROM) with finite degrees of freedom pertaining to generalized coordinates is employed for design of a controller. A feedback controller based on a reduced model can destabilize the residual modes. In function of sensor position the feedback can excite the un-modeled state of system (control spillover), and the sensor signals are contaminated by the residual modes (observation spillover) and degrade the active vibration system efficiency (Dong et al. 2014; Jovanović et al. 2014) . Some methods for reduction of spillover effects are discussed by (Mei & Mace 2002; Kim & Inman 2001) . This paper uses a higher order plate theory to derive a finite element model for vibration behavior of a composite plate with bonded piezoelectric patches. PID control algorithm is then used to investigate the vibration suppression characteristics of the piezo-actuators using gathered data of piezo-sensors. Effects of controller gain and the un-modelled dynamics in the controller design resulting in spillover effect is also studied.
FINITE ELEMENT MODELING
A sandwich plate of length and width is considered. The plate consists of a core layer of honeycomb structure with thickness , which is sandwiched between two upper and lower face sheets of thicknesses and , respectively. The upper and lower face sheets are covered with piezoelectric patches and solar cells. The piezoelectric sensors/actuators have thickness of and the solar cells have a thickness of . A schematic of smart sandwich plate is shown in Fig. 1 .
Higher order displacement field as given by (Correia & Gomes 2000) , is considered to approximate the three-dimensional problem with a reduced two-dimensional plate model. The displacement field is given by (Correia & Gomes 2000) : Constitutive equations of the piezoelectricity can be written as (Correia & Gomes 2000) :
Where {σ} = {σ xx σ yy σ zz σ xy σ yz σ xz } T is the elastic stress vector and {ε} = { ε xx ε yy ε zz γ xy γ yz γ xz } T is the elastic strain vector. is the matrix of elastic coefficients and is the piezoelectric coefficients matrix.
is the electric displacement vector and is the dielectric matrix. It is assumed that only the through thickness component of electric field vector is nonzero, thus 0 0 , where is given by:
where is the electric potential across the thickness of the piezoelectric layer. Assuming linear variation of the electric potential through the piezo-layers thickness, due to their small thickness values, the electric field is given by / , where refers to a sensor or actuator piezo patch layer. Following the procedure that is given in detail by (Correia & Gomes 2000) , and using an eightnoded isoparametric element with eleven displacement degrees of freedom per node and additional one electric potential degree of freedom for each node, the finite element formulation for the dynamic governing equation of the smart sandwich plate in global form will be given as:
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where is the mass matrix and is the structural stiffness matrix, which include contributions from the core layer, face sheet layers, and solar cells and actuator patches. and are the elastic-dielectric coupling matrices and is the dielectric stiffness matrix, all of which contribute to the piezo patch layers. {d, ϕ}
is the unknown electro-mechanical nodal degrees of freedom. is the mechanical nodal force vector and is the nodal electric force vector. Details of elemental mass and stiffness matrices and the elemental force vectors that are assembled to form the global finite element matrices in Eq. (4) can be found in the work of (Correia & Gomes 2000) and are not repeated here for brevity. The electric potential vector consists of sensory and actuator components. The electric voltage is only externally applied on the actuators. Thus it is possible to write Eq. (4) for sensors and actuators, separately:
Thus the induced electric potential of the sensors can be obtained from the last equation as: (6) where sub-indexes A and S refer to actuator part and sensor part of FE coupling stiffness matrices and electric vectors.
Static Analysis
For the static analysis, it is assumed that the structure is first deformed under the applied mechanical load and then the actuator control force is applied based on the sensor voltage which leads to additional deformation of the plate. The total deformation can be obtained from the superposition of two states as follows (Moita et al. 2004 ):
where is the total deformation of the plate and denotes deformation due to combination effects of applied external mechanical load and induced potential in the sensors and denotes deformation due to actuators voltage. Assuming that first occurs, the induced electric potentials in sensors can be obtained from Eq. (6) by substituting . Substitution of the resulting expression for back in to Eq. (5-a) and disregarding inertia terms and actuator voltages, and putting , can be obtained by solving the following equation (Moita et al. 2004 ):
It is assumed that the actuator voltages are the amplified signals of sensors potentials,
i.e. , where is a diagonal matrix of the amplifiers gains. Substitution of this expression for actuator voltages back in to Eq. (5-a), and considering the new induced voltages in the sensors due to , displacement due to actuating voltage can be determined from the solution of the following equation (Moita et al. 2004 ):
Total deformation can be obtained by solving Eqs. (8) and (9), and then substitution of the obtained results in Eq. (7).
Dynamic Analysis
Assuming that the converse piezoelectric effect is negligible for sensors, integration of electric displacement over the surface of each piezoelectric sensor element determines the output charge of that element as follows (Wang et al. 2001) :
where and denote the lower and upper surfaces of the jth element of the ith electroplated sensor. The total charge of the ith sensor patch is then obtained by summation over all its constituents elements (Wang et al. 2001) :
Using the electro-mechanical coupling matrix of the jth element of the ith sensor patch, Eq. (10) can be re-written as: (12) where is the nodal displacement vector of jth element. The total electric charge on the ith sensor can be obtained by assembling the electric charges of all elements in the ith sensor due to Eq. (11), which gives:
Piezoelectric sensors are considered to measure the strain rate, thus the output voltage is given by: (14) where is the gain of charge amplifier of the ith sensor. Considering Ns total sensors bonded to the smart sandwich plate, the sensor voltage vector can be expressed as:
where is diagonal and is formed by assembling all the corresponding electro-elastic coupling matrices of all sensors.
For the purpose of vibration suppression, the error signal is considered to be the potential of the sensors which should be set to zero by applying appropriate actuating voltages. A PID controller is assumed to produce the required voltage of actuators from the output voltage of the sensors as (Rahman & Alam 2012) : (16) It is assumed that each sensor patch is accompanied by a corresponding actuator patch with a unique gain. Thus using Eq. (15) it is possible to write: (17) where , , and are diagonal matrices of product of PID gains and sensor gains. Substitution of Eq. (17) into the first relation of Eq. (5), the governing equations of the motion of the system with active damping can be derived as: (18 ) where is the structural damping with and being the Rayleigh type damping coefficients. , , and are respectively the active control mass, damping, and stiffness effects given by:
Eq. (18) can be solved using a direct integration scheme such as the Newmark method (Bathe & Wilson 1976) . The PID controller parameters can be obtained using a suitable method such as Ziegler-Nicholes.
VERIFICATION STUDIES
Two numerical examples are considered to assess the accuracy of the developed formulation. In the first example a cantilever bimorph Kynar piezoelectric beam is considered. The upper layer is polarized in the direction of applied voltage and the bottom layer has the opposite polarization. The material properties of the Kynar layer are given in (Shakeri et al. 2009 ). The effect of applied voltage on the deflection of the free end of the beam is investigated by (Koconis et al. 1994) and are compared with the present study results in Fig. 2 . Good agreement is seen between the numerical results of current study with the experimental results of (Koconis et al. 1994 ).
In the second example a cantilever bimorph piezoelectric beam with the ratio of length to thickness / 6 is considered. The beam is considered to consist of two PZT layers with opposite polarization directions and its material properties are given by: Exact results for the free end deflection of the beam under two loading conditions including (a) applied uniformly distributed load of 100 kN/m and (b) applied voltage of 100 V are given by (Yang & Xiang 2007) . The first natural frequency of the beam is also reported in (Lee et al. 2005) . These values are compared in 
NUMERICAL RESULTS
Verifying the FE model and the corresponding numerical implementation, active control of a smart sandwich plate is described in this section. A square sandwich plate of length 400 fixed at one of its edges and free to vibrate at other edges is considered in this section. The plate consists of an aluminum honeycomb core structure with two face-sheets attached above and below of the core layer which are also made from aluminum. A zig-zag combination of sensor/actuator pairs are located on the face-sheets as shown in Fig. 3 . The rest of the surfaces of the sandwich plate is covered with solar cells. Geometric properties and electro-mechanical properties of each layer of the smart plate are given in table 2 and table 3 , respectively. To investigate the accuracy of developed mesh and FE analysis, a finite element model of the sandwich plate is also developed in the ABAQUS commercial code environment. The first five natural frequencies of the plate obtained from FE analysis based on the theory used in this study is compared with the results obtained from ABAQUS simulation in First to third mode-shapes extracted from current FE analysis to those obtained from FE simulation in ABAQUS are also compared in Fig 6 (a)-(c) . The performance of the PID controller in damping the transverse vibrations of the plate corresponding to its first mode of vibration is investigated in Fig. 8 . The plate is initially bent by applying a uniformly distributed load of 1 / , and then removing the load, making the plate to vibrate at its first natural frequency. The displacement history of the mid-node located at the free edge of the plate at is used to measure the performance of the PID controller. Structural damping is neglected. It is observed that the PID controller is able to reduce the vibrations of the plate and make the steady-state response equal to zero. Variation of piezoelectric actuator voltage for the piezo-patch with its centroid located at /8 and 5 /8, is shown in Fig. 9 . The piezoelectric actuator voltage tends to zero as the time increases. 
THE SPILLOVER EFFECT
Flexible smart structures are distributed parameters systems which have infinite degrees of freedom. Active vibration control design usually requires a mathematical model of the structure which is at best a reduced model with finite degrees of freedom. A feedback controller designed based upon a reduced model may stimulate the residual modes (un-modeled dynamics) and make the structure unstable. Due to the sensor location a feedback signal may excite the un-modeled dynamics of the structure or the sensor signals may be contaminated with the residual modes. These are referred to control spillover and observation spillover, respectively.
For the PID controller considered in this study, it has been observed that increasing the PID gains have two effects. First, increasing the controller gains results in reduction of the amplitude of vibrations pertaining to the first mode, which is expected since the controller is designed based on vibration suppressions of the first mode. The second effect is that increasing the PID gains results in appearance of vibrations pertaining to higher modes of structural vibration. Since the feedback control leads to excitement of un-modeled states, the performance of the controller is affected by the spillover, when the gains are increased. This can be clearly seen when investigating the response of the smart plate by increasing the derivational gain as shown in Fig. 10 . A similar unstability in the voltage of the actuator is also observed as Fig. 11 indicates. As can be seen from this figure, the voltage does not tend to zero as expected and it diverges to higher values with time. 
CONCLUSIONS
The problem of vibration control of a smart sandwich plate with bonded piezoelectric patches was considered in this study. A higher order plate model was adopted for displacement field variation across the plate thickness. A PID control algorithm was employed to convert sensor signals into actuator voltages. A FE code was written based on the derived formulation incorporating the control algorithm in the transient analysis of the plate.
Verification studies were performed to investigate the accuracy of the developed FE formulation and the written code, and good correspondence was seen to exist between the results of the FE analysis based on higher-order 2-D formulation with the available results in the literature and the results of FE simulations by ABAQUS. Thus, it was shown that the developed model can accurately predict the deflection of the plate under mechanical and electrical loads. The control algorithm was successfully employed to attenuate the flexural vibrations of the smart plate corresponding to its first mode shape. The spillover effect was shown to intensify by increasing the derivative gain of the PID controller. To minimize the spillover effects, it is suggested to optimally place the piezo actuators and sensors on the plate surface.
